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SOME EXACT SOLUTIONS TO EQUATIONS OF
TRANSTENT FLOW WITH SUCTION FOR A VISCOUS FLUID

L. F. Kozlov and Yu. A. Ptukha UDC 532.526

Self-adjoint asymptotic solutions to the equations of flow are constructed for a
viscous fluid near a permeable plane boundary.

We consider the problem of transient plane flow of an incompressible power-law non-
Newtonian fluid near an infinitely large permeable wall in the plane of the x axis (Fig. 1).
The fluid is uniformly sucked through the wall at a velocity Vo(t). At the instant of time
t =0 the wall is suddenly set in motion at a velocity Uo(t) in the direction of the x axis

[11.

We will consider only asymptotic solution, i.e., assume that all derivatives are d/dx =
0. At infinity we let the velocity be not zero, as is usually done, but finite [2]. Under
these assumptions, the equations of motion for a power~law fluid become

oy V du, mn ( 0vy )”*1 0%y,
ot o) oy ) dy O0y?
dv 1 0
Lo P (2)
dt o Oy
with the boundary conditions for the components of velocity and pressure
n1=0,=0 at t=0, y>0, (3)
vu=Us(t), v, =Vo(l), p=po(t) 2t y=0, {>0. )

We will henceforth deal only with the case In|<:l. From Eq. (2) and the boundary condition
(4) we determine the pressure
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U, (%) Fig. 1. System of
| ) coordinates and
l (t model of the wall.
T =

dv
p=po(t) —p—=>u.

dt
The self-adjoint solution to Eq. (1) is found with the aid of the new variable
T
o
2mn(n+ 1) t

After a few transformations, we arrive at the ordinary differential equation

2 2—n
@, +2n( dv‘) =0 (6)
da? . dn
and the boundary conditions
1,=0 at n— oo, ' (7)
u=Uf)) 3t n=2(, n), >0, (8)

where

p Wint™) [V, (8)dt
b, n)=—| ————o A,
{t, n) [ oma(n+ 1) ] tl/(n—}-l)'

The general solution to Eq. (6) is _
v =(1—n)/" D[ (z—C)" " Vdn 4 C,. (9)

A similar self-adjoint solution in form (9) has been obtained in another study [3] but only

for specific values of Uo(t) and Vo(t), viz., Uo =const and Vot —rf,;. The final form of
the solution depends on the value of n and the sign of constant C;.
We will take a specific value of n and will define the sign of C; as
Ci= +a

After the constant C, has been determined, let the solution be sought in the form

un=9(m a-
Determination of the constant g reduces to resolution of a certain relation
Up(t) = 9*[t, Vo (), al. (10)

In order to ensure self-adjointness of the solution, it is necessary to obtain the value of

a from relation (10) as a constant. Obviously, the condition of constancy of g will be
satisfied not for arbitrary functions Uo(t) and Vo(t) but only for these functions given in
the form (10). This imposes a constraint on the form of function Uo(t) with an arbitrary
function Vo(t) or vice versa. This then narrows down appreciably the class of possible
solutions to the problem (6)-(8). The specific solution will depend on Uo(t) and Vo(t), viz.,

vu=0(f, y, Up, Vo).

Let us consider a few special cases-

1. n=1/3. After integrating the expression (9) and satisfying the boundary conditions
(7)~(8), we write the solution in the form of a system where one of the parameters Uo(t) or
Vo(t) is arbitrary and the other is related to it according to expression (10), and thus
determine the constant C;:

. R n

0121.5 C} [IM_VE—.———_T;]’

. (¢, 1/3) ]
V&G 13 —C, |

an

U, (t) = 1.5'°CT" [1'
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Fig. 2. Longitudinal velocity of a power-law fluid (n=1/3)
and the wall: v;/A and Uo/A in m/sec.

Fig. 3. Model of a channel with moving permeable walls.
When C, =a®, then solution (11) is valid for l@(t, 1/3)[ >q and ]n[ >q. When C,=—a?,

then solution (11) is valid for any n. The quantities vy/A and Uo(t) /A with A=—1.5"-g72
have been plotted in Fig., 2 for a=1, 3, 5, and 8.

2. n=2/3. When C, =—¢®, then integration of expression (9) and the boundary condi-
tions (7)-(8) yield [4]
1 31 3 | 3n
=27 arctg —— — |,
o [ 4a? (2 -+ a?)? B 8at (2 + a?) t 8a° & a 164° ]
3 D(t, 2/3 3n
Uyt = 27 DL, 2/3) §¢G,W$ I arctg ( ) 5}
42| P (¢, 2/3) + a?? 8at [P (¢, 2/3) + a?] 8a® a 164
When C; =a®, then the solution is obtained in the form
n 3n 3 , a+m l]
=27 In ;
“ [4a2(a2——n2)2 + 8a4 (a2 — ) TTow M a—n |
&L, 2/3 3 (t, 2/3) a-+ b, 2/3) |
4% [a® — D2 (¢, 2/3))? 8at [a%2— @2 (¢, 2/3)] 164 a—d(t, 2/3)

Solution (12) has singularities at the points n=2*ag. Since [n‘ <1, these singularities will,
according to expression (9), appear at positive values of C;.

In an analogous manner we will treat the transient flow of an incompressible viscous
fluid through an infinitely long flat channel with moving permeable walls (Fig. 3). The
walls can move in two mutually perpendicular directions with U,(t), U.(t) along the x axis
and ri{t), r2(t) along the y axis as functions of time.

On the basis of the same original simplifying assumptions, the equations of motion
for a Newtonian fluid become

2.
du, LV 0v, e 6013
ot dy ay?
vy 1 dp (13)
dt o ay’
with the boundary conditions
Uy =0, =0 when =0, (14)
vy =Us (), 0, =Vo(f), p=p,(¢) 2t yzfl_(t)’ (15)
u=U:(0), ,=Vi(t), p=p.(f) 3t y=ry(0). (16)
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From Egs. (13) we determine the pressure

=—p—- C .
P = y+C@
Function C(t) will be determined from the conditions (15) and (16):
dv,
pr(t)=—p dof/l(t)—l-c(t),
a7
dv .
pa(t) =—p dto ry () + C ().

Having two conditions (17) for one unknown function C(t) makes the problem an indeterminate
one, which is logical in the given formulation. Since the fluid is incompressible and the
channel walls are infinitely large, it is necessary to satisfy conditions of coupling
between the change in pressure and the vibration mode of the channel walls

. dVO
H—p () =—
p. () — pi () p T

When relation (18) is satisfied, then function C(t) will be determined uniquely and the pres-
sure can be expressed as

[rs () — ri(H1- (18)

dv, dv,
== — —rt: rt_ .
P=p—p— ly—rn@®l=p+p " [ra(f) — Yl
Introduction of the new variable
n = y— [V, (t)dt
Vvt

reduces the problem of determining the asymptotic profile of the longitudinal velocity to
a solution of the ordinary differential equation

0y | gy 4 _ o, (19)
dn? dn
for the conditions
=0 as n—>oo,
ri{t) — 1V, (9)dt
Vvt
r, () — (Vo (t)dt
Vvt

u=U(t) &t 7=

u=U () at

The solution to Eq. (19) is
Uy (71) = A(l —erf 7])’

with the integration constant A. Self-adjointness of this solution is ensured by the rela-

tions
rl—fV(,dtJ
Ui)=A |l —erf | 22—,
@ [ er( 1/4_vt )

ro— | Vodt ”

Uz(t)zA[l—erf(

V 4vi
obtained upon satisfying the boundary conditions,
Therefore, the system
av dv
p=pm—p =t ly—r)=pte—F (a0

dt

) — dt
‘Ul =1—eff (y j.V‘U ) ,
A 1/4Vt
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U

— § Vodt
U:Z:Vo(t)’ 7:1-erf (L‘Li—)y

Vvt
— 1 Vdt
U I —erf (9——5:_—_"-—>
A v 4wt
constitutes the solution to the given problem for a Newtonian fluid.

In the case of a non-Newtonian power-law fluid, too, the distribution of velocity and
pressure in the channel will be determined by Egs. (1) and (2) with the boundary conditions
(14)-(16). With the new variable (5) we obtain the ordinary differential equation (6),
which must be solved for the boundary conditions

v;=0 a8 n—>oo, vy =U(l) 2t =0 n), v=U:()
at n:(pZ(t’ )"L),

where

Ve () — [ Vol dt
D, (t, m)= | P < 1/{n+(1)) & =12
omn(n+ 1) i

The general solution to Eq. (6) appears in the form (9). In analogy to the preceeding prob-
lem of a plate in an unbounded fluid, the solution can be written as

dv dv
sz_m:%+925m*%

V=@ (T], a)’ Uy == VO (t)’
U= ¢[Pi(t, n), al, Uy =@lD:(t, n), al.

p=p—0

The final form of the solution will depend on the value of exponent n and on the sign of
constant C; =*aZ.

Analogous solutions can also be obtained for the problem where an incompressible vis-
cous fluid moves between an arbitrary number of moving permeable boundaries.

NOTATION

X, ¥, rectangular coordinates; t, time coordinate; 1, a dimensionless coordinate; m,
n, v, p, parameters characterizing the fluid; p, pressure in the fluid; v, and v,, components
of the fluid velocity along axes x and y, respectively; U, and U, velocities of the wall
along the x axis; r; and r», displacements along the y axis; and V,, suction velocity.
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